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Though algorithms for quantum simulation of Quantum Harmonic Oscillator (QHO) have been
proposed, still they have not yet been experimentally verified. Here, for the first time, we demon-
strate a quantum simulation of QHO in the presence of both time-varying and constant force field
for both one and two dimensional case. New quantum circuits are developed to simulate both the
one and two-dimensional QHO and are implemented on the real quantum chip “ibmqx4”. Experi-
mental data, clearly illustrating the dynamics of QHO in the presence of time-dependent force field,
are presented in graphs for different frequency parameters in the Hamiltonian picture.
I. INTRODUCTION
Quantum simulation is one of the tremendously grow-
ing areas in the field of quantum computation which
has significant goals and opportunities1. From the
past decades, this powerful area has been applied to
variety of scientific disciplines, e.g., physics2–6, quan-
tum chemistry7,8, quantum biology9,10, and computer
science11 to name a few. Several time-dependent mass
harmonic oscillators including the most famous so-
called Caldirola-Kanai oscillator12,13 have been exten-
sively studied over the past years14–17. IBM quantum
experience, has played a considerable role from the re-
cent years, the platform using which a number of research
works have been performed in the field of quantum sim-
ulation. These include observation of Uhlmann phase19,
chemical isomerization reaction20, simulation of far-from-
equilibrium dynamics21, Ising model simulation22, quan-
tum multi-particle tunneling23, quantum scrambling24,
and simulation of Klein-Gordon equation25 to name a
few. Other sub-disciplines such as developing quantum
algorithms26–33, testing of quantum information theoret-
ical tasks34–38, quantum cryptography39–42, quantum er-
ror correction43–46, quantum applications47–52 have also
been explored.
Quantum harmonic oscillator (QHO) is one of the most
practiced models in the branch of physics. A large num-
ber of works in QHO have been developed, e.g., in 1989,
q-analogue54 of it has been explored. Brownian motion
has been repeatedly studied55–59. A quantum theory for
time-dependent harmonic oscillator has been proposed
by Lewis and Riesenfeld60. QHO has also been realized
using continuous-variable quantum computation61,62. As
harmonic oscillators govern most of the dynamics of the
physical systems, the analysis of its behavioral dynamics
plays a significant role in physics. However, it becomes
difficult to study its transient behavior in the presence of
a time-varying force field. Most of the experiments that
have direct experimental observation with QHO have
been simulated using NMR quantum system63,64.
Unitary dilation of the contraction semigroup govern-
ing the dynamics of the system in case of QHO was
studied65. Moreover, it has been observed that the en-
ergy of a QHO with a generically time-dependent but
cyclic frequency ω(t0) = ω(0), which cannot decrease on
an average if the system is originally in a stationary state
after the system goes through a full cycle. The energy
exchange always takes place in the direction from the
macroscopic system (environment) to the quantum mi-
croscopic system66. The harmonic oscillator is also de-
signed by different processes, e.g., transistor harmonic
oscillator67, adelic harmonic oscillator68 etc.
It can be mentioned though there are quantum algo-
rithms for the harmonic oscillator, till now no literature
has developed the circuit implementation of the quan-
tum harmonic oscillator. Here, we demonstrate the cir-
cuit implementation of the quantum harmonic oscillator
and implement the quantum circuits on the real quantum
chips provided by IBM Q Experience Beta version. We
use the quantum chip “ibmqx4” for designing the quan-
tum circuits for the case of one and the two-dimensional
harmonic oscillator. We obtain the experimental results
and present the dynamics of the quantum harmonic os-
cillator through line graphs while considering different
frequency parameters for both the cases.
The paper is organized as follows. In Section II, the
scheme of harmonic oscillator has been explained. Sec-
tion III discusses the procedure for the simulation of the
quantum circuit and its experimental demonstration on
the quantum computer. In Section IV, we present the
experimental results obtained after running the quantum
circuits on the quantum chips. Finally, we conclude in
Section V with a discussion on the future directions of
the work.
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2II. SCHEME OF HARMONIC OSCILLATOR
Let’s consider a closed system where a driven force field
of a single frequency, ω is applied. It can be mentioned
that the frequency of the driving field changes for a dif-
ferent set of parameters. The Hamiltonian of the force
driven harmonic oscillator is given by,
H = ~ω0(a†a+ 1
2
) + ~F (t)(a+ a†) (1)
Here, ω0 is the frequency of the oscillator, a
† is the cre-
ation operator, and a is the annihilation operator of en-
ergy quanta of the oscillator. Again, F (t) = Acos(ωt+φ)√
2m~
is the periodic driving force, where, A is the amplitude,
ω is the oscillation frequency of the periodic force, m
is the mass of the oscillator and φ is the phase of the
driving force, the constant ~ is set to 1 throughout the
manuscript. For the experimental demonstration, we
have taken two states of QHO, i.e., |0〉 as the ground
state and |1〉 as the 1st excited state. The matrix form
for the Hamiltonian of the given system is calculated to
be,
H =
[
1
2 −F (t)
F (t) 32
]
(2)
In this case, the matrix form of a and a† are taken as,
a = [0, 1; 0, 0] and a† = [0, 0; 1, 0]. Again, for simulating
the behavior of the particle for a two-qubit system, we
have chosen four states; ground state |00〉, first excited
state |01〉, second excited state |10〉 and third excited
|11〉. To construct the Hamiltonian, we consider annihi-
lation operator as (I⊗X)12(ACNOT )21 and creation op-
erator as (I⊗X)12(CNOT )21. Here, Oij means O opera-
tion is applied from ith qubit to jth qubit, where ith qubit
acts as the control qubit and jth one acts as the target
qubit. ACNOT denotes here the anti-controlled opera-
tion where theNOT gate is applied only when the control
qubit is in |0〉 state. Whereas, in case of CNOT opera-
tion, NOT gate is applied on the target qubit only when
the control qubit is in the |1〉 state. The matrix form for
the two-qubit Hamiltonian is given as, H = H1 +H2,
H =
3
2
~ω0
 1 0 0 00 1 0 00 0 1 0
0 0 0 1
+ ~tF (t)
 0 1 0 11 0 1 00 1 0 1
1 0 1 0
 (3)
III. QUANTUM CIRCUIT IMPLEMENTATION
FOR DEMONSTRATING THE QUANTUM
HARMONIC OSCILLATOR
For simulating the Hamiltonian of both the single-
qubit and two-qubit system, we have used first order
FIG. 1: Quantum circuit illustrating the force driven
time dependent quantum harmonic oscillator for the
single qubit system.
trotter decomposition,
e−iHt = e−iH1te−iH2t...e−iHnt +O
(
t2) (4)
where, H = H1+H2+....+Hn. Here the system Hamil-
tonian for the single qubit case given in Eq. (2) can be
written in the form H = ω0I − ω02 Z + F (t)X. The first
term could be neglected because it is a constant times
an identity matrix, whose corresponding unitary opera-
tor itself is an identity operation with some global phase,
e−iω0t, hence can be neglected in the simulation part.
Then the total unitary operator, Usingle of the single-
qubit Hamiltonian can be given as, Usingle = U1.U2,
where U1 = e
−iH2t and U2 = e−iH3t. The form of U1
and U2 can be written as, U1 = [1, 0; 0, e
−iω0t], and U2 =
[cos(tF (t)),−isin(tF (t));−isin(tF (t)), cos(tF (t))]. U1
is implemented on the quantum computer by using the
U1(θ) gate, whose form is given as, U1(θ) = [1, 0; 0, eiθ].
The value of θ is taken to be −ω0t for designing U1 uni-
tary operator. Similarly, U2 can be prepared with the
U3(θ, φ, λ) gate whose form is given as, U3(θ, φ, λ) =
[cos θ2 , e
−iλ sin θ2 ; e
iφ sin θ2 , e
i(λ+φ) cos θ2 ]. Here, θ, φ and
λ are chosen to be 2tF (t), −pi/2 and pi/2 respectively. It
can be observed from the Fig. 1 that U1 and U3 gates
with proper parameters are applied on the system qubit
initially prepared in the |0〉 state.
From the two-qubit Hamiltonian (Eq. (3)), it can be
observed that the first term is a scalar multiplication of
the identity matrix, which again has no contribution in
simulating the Hamiltonian. Hence we only consider the
second term, which has an actual contribution in the
state evolution of the two-qubit system. The unitary
operator corresponding to that term is given as follows;
U =
 1 −itF (t) 0 −itF (t)−itF (t) 1 itF (t) 00 −itF (t) 1 −itF (t)
−itF (t) 0 −itF (t) 1
 (5)
The above unitary operator is obtained by expanding
only first two terms of the exponential e−iHt and ne-
glecting higher order terms. Here we make the following
assumptions to simulate the above operator as the uni-
tary operator; We have taken the assumptions as cos θ ≈
1, sin θ ≈ tF (t).
From Fig. 2, it can be seen that in total, five qubits
are used to simulate the two-qubit Hamiltonian. The
first two qubits are used to represent the system, and
the last three qubits are the ancilla qubits used to prop-
erly apply the Hamiltonian on the two-qubit system. All
3FIG. 2: Quantum Circuit to demonstrate the force driven time-dependent quantum harmonic oscillator for the
two-qubit system. The first two qubits represent the system, and the last three qubits are the ancilla qubits used to
apply the Hamiltonian on the system.
the ancillary qubits are initially prepared in |0〉 state.
As observed from Fig. 2, a series of the following oper-
ations CNOT13, AC − U331, CCNOT132, AC − U332,
CNOT12, H4, CNOT42, CNOT41, H4, CH41 are used
in the quantum circuit to construct the unitary operator
for the Hamiltonian. Here single-qubit gate, Oi means O
operation is applied on the ith qubit, for the two-qubit
operation, Oij denote that O operation acts on both the
ith and jth qubit where i acts as the control and j acts
as the target qubit. Similarly, for the three-qubit oper-
ation, Oijk denote that O operation acts on the three
qubits i, j and k, where i and j act as the control qubit
and k acts as the target qubit. In the above series of
gates, AC stands for Anti-Controlled operation, and CC
stands for Controlled-Controlled operation. In the above
paragraph, the form of the U3 gate can be found. The
parameters of U3 are taken as θ=0 to 0.5, φ = −pi/2
and λ = pi/2. The form of NOT and Hadamard gate
can be given as; X = [0, 1; 1, 0], H = 1√
2
[1, 1; 1,−1] re-
spectively. The measurements are performed only on the
system qubit to study its dynamics over a time steps and
for different frequency parameters.
IV. RESULTS
We have studied the behavior of a particle in QHO by
varying the oscillation frequency of the periodic force ω.
In Figs. 3a and 3b, the blue line indicates the probability
distribution for the ground state and the red line for
the first excited state. For both the cases, initially the
particle has a higher probability, and with the evolution
of time, the particle shows a fluctuating probability
distribution for both the states. For Fig. 3a, we have
considered ω=1 unit and time in the range of 1 to 5
unit. In Fig. 3b, ω was taken as 2 unit, and time range
is the same as above. Relevant data are available in Ta-
ble I, for ω = 1 and ω = 2 in single qubit case respectively.
In Figs. 3c and 3d, the probabilities for ground state,
first excited state, second excited state and third excited
state are shown very clearly. In Fig. 3c, considering ω
as 1, in the ground state, initially the probability de-
creased up to a certain time after then the probability
is increased, again the probability drops slowly. Simi-
larly, we can explain the behavior of the particle for other
states also. Again, in Fig. 3d, the probability distribu-
tion of the particle is plotted considering ω as 5 unit. If
we see Fig. 3d, the fluctuation of the probability distri-
bution is higher than the case of ω=1 unit. The relevant
data for two-qubit case are available in Tables II and III.
All the quantum circuits are run on the real quantum
chip ’ibmqx4’, for 1024 shots.
Time |0〉 |1〉 |0〉 |1〉
1 98.45 1.55 96.58 3.42
2 95.91 4.09 97.35 2.65
3 90.61 9.39 95.11 4.89
4 42.74 57.26 57.51 42.49
5 40.62 59.38 64.36 35.64
6 25.88 74.12 88.14 11.86
7 15.61 84.39 9.52 90.48
TABLE I: Probability (in percentage) considering ω = 1
(2nd column) and ω=2 (3rd column) for single qubit case.
Time |00〉 |01〉 |10〉 |11〉
1 22.949 32.52 21.68 22.852
2 21.191 29.785 23.145 25.879
3 30.762 30.371 22.363 16.504
4 28.125 29.004 20.705 22.168
5 26.66 23.145 30.176 20.02
TABLE II: Probability (in percentage) for ω = 1 for two
qubits case
4(a) For ω=1 (b) For ω=2
(c) For ω=1 (d) For ω=5
FIG. 3: Above Fig. 3a, 3b, 3c and 3d are the experimental run results for the time dependent quantum harmonic
oscillator. Figs. 3a and 3b are for single-qubit case where the circuit was run for ω = 1 and 2 unit. Again,
considering ω as 2 and 5 units for two-qubit system, the run results are plotted in SubFigs 3c and 3d. We have
taken 1024 shots in the IBM quantum computers to run all the quantum circuits.
Time |00〉 |01〉 |10〉 |11〉
1 21.973 27.93 24.121 25.977
2 18.75 19.531 28.418 33.301
3 14.844 35.84 16.211 33.105
4 26.953 25.195 27.832 20.02
5 22.363 34.961 24.023 18.652
TABLE III: Probability (in percentage) for ω = 5 for
two-qubit case.
V. CONCLUSION
In this work, we have done the quantum simulation
of the quantum harmonic oscillator by using the IBM
Q experience platform. We have found the results for
both the single-qubit and two-qubit cases. For the
single-qubit case, we have taken the states of the particle
to be |0〉 and |1〉. In case of two qubits, four states
have been considered; those are |00〉, |01〉, |10〉 and |11〉
states. The probabilities of finding the states have been
performed with different frequencies, and the graphs
have been plotted. All the physical systems that we
come across can be mapped to a two-level system. The
quantum harmonic oscillator is a well-known example of
a two-level system. Hence, quantum simulation of many
physical systems can be understood from the simulation
of the quantum harmonic oscillator.
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